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Abstract10

Infinite Descent is the global trace condition that underpins the soundness of cyclic reasoning and, in11

program analysis, the size change termination principle. Many (semi-)decision procedures for Infinite12

Descent are known, based on criteria ranging from automata-based constructions and relation-based13

characterizations, to effective (but incomplete) heuristics. Although these criteria are well studied14

on paper and implemented in tools, a unified, machine-checked account that relates them to the15

(abstract) Infinite Descent property has been missing. We present an Isabelle/HOL mechanization16

of this landscape. We develop a reusable, locale-based framework of sloped graphs that defines17

Infinite Descent at an abstract level, independently of any concrete graph encoding. Within this18

framework we formalize standard complete criteria and prove their equivalence to the locale-level19

InfiniteDescent predicate. We also formalize tool-facing sufficient criteria, prove their soundness,20

and certify incompleteness where appropriate via verified counterexamples. Along the way we21

contribute reusable Isabelle lemmas for ω-regular reasoning over streams and for Büchi-automata22

constructions needed by the inclusion proofs.23
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1 Introduction36

Cyclic reasoning has emerged as a powerful technique for automated verification, enabling37

proofs of inductive properties without explicit inductive invariants [26, 24, 12, 5, 14, 11, 9].38

The soundness of cyclic reasoning is underpinned by a global validity condition known39

as Infinite Descent. In a cyclic proof graph, Infinite Descent requires that every infinite40

path admits some infinitely progressing (i.e., decreasing) trace. In termination analysis this41

condition is widely known as the size change principle [20, 16, 21].42

Because deciding Infinite Descent is PSPACE-complete, practical tools rely on a range of43

equivalent characterizations and fast sufficient checks that may return “don’t know”. A number44

© Jamie Wright and Liron Cohen and Reuben N. S. Rowe and Andrei Popescu;
licensed under Creative Commons License CC-BY 4.0

17th International Conference on Interactive Theorem Proving (ITP 2026).
Editors: Ekaterina Komendantskaya and Tobias Nipkow; Article No. 14; pp. 14:1–14:18

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:jwright8@sheffield.ac.uk
https://jamierwright.github.io/site/
mailto:cliron@bgu.ac.il
https://www.lironcohenlab.com/
mailto:reuben.rowe@rhul.ac.uk
https://www.cs.rhul.ac.uk/home/uhac003/
mailto:a.popescu@sheffield.ac.uk
https://www.andreipopescu.uk/
https://doi.org/10.4230/LIPIcs.ITP.2026.14
https://doi.org/10.5281/zenodo.20323853
https://jamierwright.github.io/InfiniteDescent/
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


14:2 Certified Infinite Descent Criteria in Isabelle/HOL

of different algorithms have been developed, based on these criteria, including Büchi automata-45

theoretic formulations [20, 4, 25] and algebraic closure-based characterizations [16, 8]. The46

recent Cyclone tool also incorporates a number of fast (polynomial time) semi-algorithms,47

based on sufficient (but not necessary) criteria for Infinite Descent [10].48

To achieve end-to-end trust in verification systems that rely on these algorithms, we need49

machine-checked guarantees that each alternative criterion is sound and, where appropriate,50

complete with respect to Infinite Descent. This paper supplies that missing layer of51

certification, using Isabelle/HOL. We begin by developing a locale-centric framework for52

sloped graphs—the abstract setting in which the Infinite Descent property is expressed most53

generally. This isolates the mathematical core of Infinite Descent from any particular decision54

procedure or concrete encoding.55

Building on this abstract definition, we then formalize the equivalent criteria that form56

the basis of existing algorithms for deciding Infinite Descent [8]. Specifically, we mechanize57

the ‘vertex-language’ and ‘slope-language’ automata-based criteria, and the algebraic relation-58

based criteria, connecting them to the Infinite Descent property via machine-checked proofs59

of equivalence. We also formalize the effective sufficient criteria used in Cyclone, as well as60

(a generalisation of) a sufficient criterion considered by Sprenger and Dam [27]. For each we61

provide machine-checked proofs of soundness and demonstrate incompleteness via verified62

counterexamples.63

Taken together, our Isabelle development can serve as a certification layer for both existing64

and future tool pipelines. Once a concrete problem instance is encoded as a sloped graph,65

Isabelle can validate an Infinite Descent judgement by checking any one of the certified66

criteria inside our framework, which are underpinned by formalized soundness theorems67

showing that they entail Infinite Descent. In particular, an external tool may act as a fast68

front end that searches for evidence that a chosen criterion holds (for example, a closure69

summary for the algebraic criterion, or a finite witness shape suitable for the automata-based70

criteria), and Isabelle can then replay that evidence against our definitions. At present71

we do not provide a general proof reconstruction pipeline from arbitrary tool output into72

Isabelle proofs; rather, we formalize the semantic core and the correctness theorems that73

such integrations would build on. This supports a workflow in which tools such as Cyclone74

remain the fast front end check, while our Isabelle development plays the role of trusted75

verifier. More broadly, we view this development as a candidate backend for future Isabelle76

integrations, for example to discharge termination obligations in a more Sledgehammer-style77

workflow.78

Certified size change termination has been mechanized in Isabelle in several settings,79

including rewriting via IsaFoR/CeTA [28, 19] and earlier work on SCT certificates [18].80

Beyond Isabelle, size-change ideas also surface in other ecosystems. For example, systems81

such as Idris [15] and Agda [13] implement SCT-based termination checking as part of82

typechecking and PVS mechanizes and compares several termination criteria (including size-83

change variants) and connects them to PVS termination obligations [22]. Our contribution84

is orthogonal: we mechanize Infinite Descent itself as an abstract semantic condition, with85

size-change termination and cyclic-proof soundness appearing as instances, so that multiple86

criteria can be compared and reused in one framework.87

Beyond the core meta-theory, our mechanization also required non-trivial engineering88

around existing Isabelle infrastructure. As a by-product, we contribute reusable lemmas89

for ω-regular reasoning over streams and strengthen existing libraries for Büchi automata90

constructions used in the inclusion proofs. Our Isabelle mechanization is available, as both91

executable source code [30] and browseable HTML [31]. Throughout the paper, we hyperlink92
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to relevant parts of the latter, indicated by icons.93

Contributions.94

The main contributions of our work are:95

Isabelle framework for Infinite Descent. A locale-based framework for sloped graphs,96

traces, and the abstract Infinite Descent property.97

Certified decision criteria. Machine-checked soundness and completeness for (i) the98

various Büchi criteria and (ii) the complete criterion based on relational closure.99

Certified tool-facing heuristics. Machine-checked soundness, plus verified incompleteness100

where appropriate, for several sufficient criteria, including checks used in Cyclone. We101

also present and formalize a novel sufficient criterion (XSD).102

Library and engineering contributions. Reusable extensions to Isabelle libraries for103

Büchi automata and infinite streams supporting the proof architecture used by the above.104

Outline.105

For readability, and to keep the paper reasonably self contained, each technical section first106

recalls the relevant mathematical theory and then presents the corresponding Isabelle/HOL107

development, discussing its key engineering choices. The remainder of the paper is organised108

as follows. Section 2 introduces sloped graphs and our abstract formulation of Infinite Descent;109

presents the locale based Isabelle framework; and illustrates it via a concrete instantiation.110

Section 3 focuses on complete criteria for Infinite Descent: section 3.1 covers the Büchi111

automata criteria, and section 3.2 covers the relation-based closure criterion. Section 4112

examines sound but incomplete criteria: section 4.1 revisits Sprenger and Dam’s criterion and113

presents our generalized variant, XSD; and section 4.2 deals with the cycle-based heuristics114

used in Cyclone. Finally, Section 5 concludes.115

2 Infinite Descent in Sloped Graphs116

We begin by describing our mechanization of the abstract formalization of the Infinite Descent117

property. We follow the formulation, given in [8], in terms of sloped graphs.118

2.1 Underlying Mathematical Theory119

Sloped graphs are standard directed graphs decorated with just the additional information120

necessary to describe Infinite Descent. Each nodes is associated with a (sub)sets of positions121

(taken from a set Pos), and edges are decorated with relations that describe the ‘slopes’122

connecting positions of the source node to those of the target node. More specifically, we123

consider a set Slope = {⇝, ⇝ } of slopes comprising a non-strict and strict decrease, respectively.124

As such, sloped graphs provide a general setting into which concrete applications of the125

Infinite Descent principle (e.g. program termination, correctness of cyclic proofs, etc.) can126

be mapped.127

▶ Definition 1. A sloped graph SG = (Node, Edge, PosOf, R) is a finite directed graph128

(Node, Edge) augmented with:129

a function PosOf : Node → P(Pos) assigning a finite set of positions to each node;130

a mapping R assigning to each (nd, nd ′) ∈ Edge a sloped relation Rnd,nd′ ⊆ PosOf(nd) ×131

PosOf(nd ′) × Slope such that if Rnd,nd′(p, p′, s) and Rnd,nd′(p, p′, s′) then s = s′.132

ITP 2026
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Thus, sloped relations are single-valued in the slope component. This information could133

also be modelled as a (partial) function from pairs of nodes to slopes. However, later, a134

notion of composition for this data will be important, and so it seems preferable to work135

with (this restriction of) the more general concept of relations.136

To express Infinite Descent, we must talk about infinite paths (or ipaths) within (sloped)137

graphs. These are infinite sequences (ndi)i∈N of nodes that are pairwise connected via edges138

in the graph, i.e. such that ∀i ∈ N. (ndi, ndi+1) ∈ Edge. The notion of descent then derives139

from being able to construct a trace consisting of positions, taken from each successive140

node of an ipath, that are connected via some slope in the relation associated with the141

corresponding edge.142

▶ Definition 2. Given a sloped graph SG = (Node, Edge, PosOf, R), a trace for an ipath143

(ndi)i∈N in SG is an infinite sequence (pi)i∈N of positions such that ∀i ∈ N, pi ∈ PosOf(ndi)144

and ∃s ∈ Slope. Rndi,ndi+1(pi, pi+1, s). The trace is said to be decreasing if for all i ∈ N:145

∃j ≥ i. Rndj ,ndj+1(pj , pj+1, ⇝ ). An ipath (ndi)i∈N is said to be descending if there exists146

j ∈ N and a decreasing trace for the tail (ndi)i>j.147

Infinite Descent, a property quantifying over infinite paths, is then simply stated.148

▶ Definition 3. A sloped graph SG is said to satisfy Infinite Descent when all its ipaths are149

descending.150

2.2 Isabelle Mechanization151

Our mechanization utilizes Isabelle’s module system, known as locales [17, 3]. Within a152

locale, definitions and theorems are formulated relative to fixed entities (types, constants153

and assumptions). However, from outside, these are polymorphic in the locale’s fixed154

types, universally quantified over the locale’s constants, and conditional upon the locale’s155

assumptions. Locales can be extended, permitting the use of inheritance for these fixed types,156

constants and assumptions.157

In our Isabelle mechanization, we first define a locale for modelling directed graphs, fixing158

a set of nodes from an abstract data type, ’node, and representing the edge relation as a159

characteristic function over this abstract data type.160

locale Graph =161

fixes Node :: "’node set"162

and edge :: "’node ⇒ ’node ⇒ bool"163

Using Isabelle’s codatatypes, we model ipaths in this locale as a predicate on streams164

(i.e., infinite sequences) over the ’node abstract data type.165

definition ipath :: "’node stream ⇒ bool" where166

"ipath ≡ alw (holdsS Node) aand alw (holds2 edge)"167

The definition of this predicate utilizes a shallow embedding of LTL from the Isabelle168

library [1] (providing temporal operators alw for always, ev for eventually, and infs for169

infinitely often) and our own constants holdsS and holds2 that “lift” point-wise and170

pair-wise predicates, respectively, to the level of streams. Thus, an ipath is a ’node stream,171

each of whose elements belong to the fixed Node set and whose pair-wise consecutive elements172

are related by the fixed edge predicate.173

To mechanize the concept of sloped graphs, we first define a simple data type slope174

with constructors Main(tain) and Decr(ease) (representing ⇝ and ⇝ , respectively) and then175

extend the Graph locale with further parameters and assumptions.176

https://JamieRWright.github.io/InfiniteDescent/Sloped_Graphs.html
https://JamieRWright.github.io/InfiniteDescent/Directed_Graphs.html#Directed_Graphs.Graph%7Clocale
https://JamieRWright.github.io/InfiniteDescent/Directed_Graphs.html#Directed_Graphs.Graph.ipath%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Preliminaries.html#Preliminaries.holdsS%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Preliminaries.html#Preliminaries.holds2%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Sloped_Graphs.html#Sloped_Graphs.slope%7Ctype
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locale Sloped_Graph = Graph Node edge177

for Node :: "’node set" and edge :: "’node ⇒ ’node ⇒ bool" +178

fixes PosOf :: "’node ⇒ ’pos set"179

and RR :: "(’node × ’pos) ⇒ (’node × ’pos) ⇒ slope ⇒ bool"180

assumes Node_finite: "finite Node"181

and PosOf_finite: "
∧

nd. nd ∈ Node =⇒ finite (PosOf nd)"182

and RR_PosOf: "
∧

nd P nd’ P’ sl. RR (nd,P) (nd’,P’) sl =⇒183

{nd,nd’} ⊆ Node ∧ P ∈ PosOf nd ∧ P’ ∈ PosOf nd’"184

and RR_SlopeRels:185

"
∧

nd nd’. {nd,nd’} ⊆ Node =⇒ (λP P’. RR (nd,P) (nd’,P’)) ∈ SlopedRels"186

In particular, the Sloped_Graph locale is (additionally) parameterized by the position187

assignment function PosOf and the predicate RR specifying the collection of sloped relations.188

We also impose some well-formedness assumptions: the sets of nodes and positions must be189

finite, and RR must be consistent with the graph structure. We also require RR to characterise190

relations that are single-valued in the slope component (cf. theorem 1), expressed externally191

to the locale via the definition of a set SlopedRels.192

We point out a deliberate divergence from theorem 1 in the type we choose for the predicate193

RR: rather than (’node × ’node) ⇒ (’pos × ’pos × slope) ⇒ bool, a perhaps more194

obvious choice for an edge-indexed family, we instead use a “flattened” representation that195

considers slopes between node-position pairs: (’node × ’pos) ⇒ (’node × ’pos) ⇒196

slope ⇒ bool. This is more convenient for our preferred representation of traces as streams197

of such node-posistion pairs, allowing for a ‘point-free‘ combinator-based style of reasoning198

using LTL operators. For example, we give the following definition of descending ipaths in199

our formalisation.200

definition descentIpath :: "’node stream ⇒ ’pos stream ⇒ bool" where201

"descentIpath nds Ps ≡202

ev (alw (holds2203

(λ(nd,P)(nd’,P’). RR (nd,P) (nd’,P’) Main ∨ RR (nd,P) (nd’,P’) Decr))204

aand alw (ev (holds2 (λ(nd,P)(nd’,P’). RR (nd,P) (nd’,P’) Decr))))205

(szip nds Ps)"206

Here, we lift the action of RR on node-position pairs, via LTL operators, to a predicate on207

streams of such pairs (i.e. a trace). The szip operator, from Isabelle’s stream library, is then208

used to construct the trace to which the predicate is applied. We prove this is equivalent209

to the index-based formulation of theorem 2.210

Finally, we mechanize the Infinite Descent condition via, essentially, a direct translation211

of theorem 3.212

definition InfiniteDescent :: bool where213

"InfiniteDescent ≡ ∀ nds. ipath nds −→ (∃ Ps. descentIpath nds Ps)"214

2.3 Instantiating the Abstract Framework215

We can already demonstrate the utility of our framework, instantiating the Sloped_Graph216

locale with a concrete model suitable for reasoning about size-change termination, e.g. as217

used in Agda [13].218

Given a collection of (mutually recursive) function definitions, and a (well-founded) notion219

of size on the data values over which they operate, a recipe for reducing the termination220

problem to Infinite Descent could proceed by generating a sloped graph as follows (cf. [20]).221

Each function f induces one node f̂ of the sloped graph, and the positions of f̂ correspond222

to (the indices of) the formal parameters of f .223
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fun flat and aux where
"flat [] = []"

| "flat (l#ls) = aux l ls"
| "aux [] ls = flat ls"
| "aux (x#xs) ls = x # aux xs ls"

(a) Isabelle definitions of functions flat and aux.

flat aux

0 ⇝ 0
0 ⇝ 1

1 ⇝ 0

0 ⇝ 0
1 ⇝ 1

(b) The induced sloped graph.

Figure 1 The functions flat and aux, and the corresponding induced sloped graph.

An edge between nodes f̂ and ĝ is induced by a call to g within the definition of f ,1 and224

is assigned a sloped relation that relates position i to position j as follows: via slope ⇝225

when the jth argument of the call is (syntactically) known to be (strictly) smaller than226

the ith parameter of f ; via slope ⇝ if the jth argument of the call is (syntactically) equal227

to the the ith parameter of f ; and does not relate them at all if neither is the case.228

The functions are terminating if this induced sloped graph satisfies Infinite Descent (the229

converse does not necessarily hold, of course).230

For example, consider the function flat for flattening a list of lists and its mutually231

recursively defined helper function aux, shown in fig. 1a (taken from [2, §1.4]). The (infix)232

‘#’ operator is Isabelle’s notation for the list constructor. Thus, notice that the arguments of233

the call to aux within the definition of flat (i.e. l and ls) are obtained by destructing the234

parameter (l#ls), so we have l ≤ l#ls and ls ≤ l#ls. Similarly, in the second clause of235

the definition for aux, we have xs ≤ x#xs. The corresponding sloped graph, induced by the236

construction described above, is shown in fig. 1b. We annotate the edges with the individual237

elements belonging to the associated sloped relation, e.g. writing 0 ⇝ 0 instead of (0, 0, ⇝ ) as238

a notational short-hand.239

To represent the sloped graph, we define a concrete node data type with constructors240

for each function, and then define a set Node containing all the values of this data type. For241

concrete positions we take natural numbers, defining a type synonym pos. We then define242

a mapping PosOf, with PosOf(flat) = {0} and PosOf(aux) = {0,1}, since flat and243

aux have 1 and 2 parameters, respectively. The concrete predicate specifying the edges of244

the sloped graph is straightforwardly defined. The data for the sloped relations is defined245

as a concrete set RR_Set of tuples, containing e.g. tuples ((Aux, 0), (Aux, 0), Decr)246

and ((Aux, 1), (Aux, 1), Main) representing how the parameters of aux relate to the247

arguments passed to the recursive call. This is used to define a concrete relation RR of248

the type required by the Sloped_Graph locale. Finally, we use these concrete definitions to249

instantiate the locale. Because they are based on finite sets and discrete data types, the250

proof obligations required by the locale can be discharged automatically by the auto tactic.251

interpretation Sloped_Graph where252

Node = Node and edge = edge and PosOf = PosOf and RR = RR253

apply unfold_locales254

by(auto simp: RR_defs SlopedRels_def Node_def elim: PosOf.cases)255

With this instantiation, we can then utilize the framework to provide proofs of Infinite256

Descent for this graph using the various criteria we discuss below.257

1 Without loss of generality, we can assume that a function f contains only a single call to any given
function g: otherwise, introduce ‘auxiliary’ functions for each call and replace the calls to g within f by
calls to the new auxiliary functions; each auxiliary function then simply calls g.

https://JamieRWright.github.io/InfiniteDescent/Flat_Aux.html#Flat_Aux.flat%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Flat_Aux.html#Flat_Aux.aux%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Flat_Aux.html#Flat_Aux.node%7Ctype
https://JamieRWright.github.io/InfiniteDescent/Flat_Aux.html#Flat_Aux.node%7Ctype
https://JamieRWright.github.io/InfiniteDescent/Flat_Aux.html#Flat_Aux.pos%7Ctype
https://JamieRWright.github.io/InfiniteDescent/Flat_Aux.html#Flat_Aux.PosOf%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Flat_Aux.html#Flat_Aux.edge%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Flat_Aux.html#Flat_Aux.RR_set%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Flat_Aux.html#Flat_Aux.RR%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Flat_Aux.html#Flat_Aux.loc
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3 Equivalent Criteria for Infinite Descent258

This section concerns two families of alternative criteria that are logically equivalent to259

Infinite Descent, and are used as the basis for decision procedures. While these criteria are260

already well-established, our contribution is their Isabelle/HOL mechanization within the261

sloped graph locale, and formal proofs of their soundness and completeness relative to the262

locale-level InfiniteDescent predicate.263

3.1 Automata-based criteria264

The first family of criteria reduces Infinite Descent to a language inclusion problem by265

interpreting (descending) ipaths as words in an ω-regular language [20, 4, 25, 8]. We describe266

two approaches for constructing this interpretation, which (following the terminology of [8])267

we refer to as the ‘vertex-language’ and ‘slope-language’ criteria, respectively. Note that268

whilst we use the terminology “node” rather than “vertex” in the current work, we continue269

to use the name ‘vertex-language’ when referring to the existing automata-based construction270

in order to maintain consistency with the previous literature.271

3.1.1 Underlying Mathematical Theory272

We first recall the standard notion of Büchi automaton, which is a tuple B = (Σ, Q, q0, ∆, F )273

with finite alphabet Σ, states Q, initial state q0, transition relation ∆ ⊆ Q × Σ × Q, and274

accepting set F . An ω-word is a stream w = (ai)i∈N over Σ, and a run over w is a stream275

(si)i∈N with s0 = q0 and (si, ai, si+1) ∈ ∆ for all i. The run is accepting if it visits F infinitely276

often, and Lang(B) is the set of ω-words admitting an accepting run. For the following, we277

fix a sloped graph SG = (Node, Edge, PosOf, R).278

Vertex-language Criterion279

The Büchi automata of the vertex-language construction recognize words over the alphabet280

Σ = Node. The path automaton PAutNode(SG) recognizes exactly the ipaths of SG, and the281

trace automaton TAutNode(SG) recognizes exactly the descending ipaths of SG.282

▶ Definition 4 (Path automaton). The automaton PAutNode(SG) = (Σ, Q, q0, ∆, F ) consists283

of Q = Node ∪ {q0} where q0 /∈ Node, F = Node, and ∆ = {(q0, nd, nd) | nd ∈ Node} ∪284

{(nd, nd ′, nd ′) | (nd, nd ′) ∈ Edge}.285

A run of PAutNode(SG) first chooses an initial node (via q0) and then follows edges while286

consuming the visited vertices. Thus, Lang(PAutNode(SG)) = IPath(SG), since all runs are287

accepting.288

▶ Definition 5 (Trace automaton). The automaton TAutNode(SG) = (Σ, Q′, q′
0, ∆′, F ′) consists289

of Q′ = {q′
0} ∪ {(nd, p, s) | nd ∈ Node ∧ p ∈ PosOf(nd) ∧ s ∈ Slope} with q′

0 fresh, F ′ =290

{(nd, p, ⇝ ) | nd ∈ Node ∧ p ∈ PosOf(nd)}, and ∆′ = ∆1 ∪ ∆2 ∪ ∆3 where291

∆1 = {(q′
0, nd, q′

0) | nd ∈ Node}292

∆2 = {(q′
0, nd, (nd, p, s)) | nd ∈ Node ∧ p ∈ PosOf(nd) ∧ s ∈ Slope}293

∆3 = {((nd, p, s), nd ′, (nd ′, p′, s′)) | (nd, nd ′) ∈ Edge ∧ Rnd,nd′(p, p′, s′)}294

An accepting run of TAutNode(SG), via transitions in ∆1, first consumes some arbitrary295

finite sequence of nodes. Then, via ∆2, it starts tracing by choosing a position of the next node296

being consumed. Thereafter, via ∆3, it traces positions along edges according to R, recording297

ITP 2026



14:8 Certified Infinite Descent Criteria in Isabelle/HOL

the witnessed slope. Acceptance requires witnessing ⇝ infinitely often along the traced suffix.298

Hence Lang(TAutNode(SG)) = {w · π | w ∈ Node∗, π ∈ IPath(SG) and π is descending}.299

As previously noted, Infinite Descent is equivalent to the language inclusion problem.300

▶ Theorem 6 (Vertex-language Criterion). SG satisfies Infinite Descent if and only if301

Lang(PAutNode(SG)) ⊆ Lang(TAutNode(SG)).302

Slope-language Criterion303

Deciding the vertex-language criterion is expensive since the state space of the trace304

automaton, whose complement must be computed, scales with both nodes and positions.305

An alternative interpretation of ipaths shifts the alphabet from the graph’s nodes to the306

sloped relations associated with the edges. That is, the Büchi automata of the slope-language307

construction recognise words over the alphabet Σ = { Rnd,nd′ | (nd, nd ′) ∈ Edge }. This308

means we can define the trace automaton solely in terms of positions.309

▶ Definition 7 (Path automaton). The automaton PAutR(SG) = (Σ, Q, q0, ∆, F ) consists310

of Q = Node ∪ {q0} where q0 ̸∈ Node, ∆ = {(q0, Rnd,nd′ , nd ′) | (nd, nd ′) ∈ Edge} ∪311

{(nd, Rnd,nd′ , nd ′) | (nd, nd ′) ∈ Edge}, and F = Node.312

Thus PAutR(SG) recognizes exactly the sequences of sloped relations that arise along313

some ipath.314

▶ Definition 8 (Trace automaton). The automaton TAutR(SG) = (Σ, Q′, q′
0, ∆′, F ′) consists315

of Q′ = {q′
0} ∪ {(p, s) | p ∈ P ∧ s ∈ Slope} where q′

0 is fresh and P =
⋃

nd∈Node PosOf(nd),316

F ′ = {(p, ⇝ ) | p ∈ P}, and ∆′ = ∆1 ∪ ∆2 ∪ ∆3 where317

∆1 = {(q′
0, R, q′

0) | R ∈ Σ}318

∆2 = {(q′
0, R, (p′, s′)) | R ∈ Σ ∧ p′ ∈ P ∧ s′ ∈ Slope}319

∆3 = {((p, s), R, (p′, s′)) | p ∈ P ∧ s ∈ Slope ∧ R ∈ Σ ∧ R(p, p′, s′)}320

As before, ∆1 allows the automaton to consume some arbitrary prefix, and ∆2 starts321

tracing by guessing a position. Thereafter, ∆3 updates the recorded position according to322

the next relation being consumed, whilst remembering which slope was traversed. Again,323

acceptance requires witnessing ⇝ infinitely often, and inclusion between the languages of the324

automata is equivalent to Infinite Descent.325

▶ Theorem 9 (Slope-language Criterion). SG satisfies Infinite Descent if and only if326

Lang(PAutR(SG)) ⊆ Lang(TAutR(SG)).327

3.1.2 Isabelle Mechanization328

We mechanize the vertex-language and slope-language criteria inside the Sloped_Graph329

locale. We utilize Isabelle libraries for automata [7, 6] that provide a data type for representing330

Büchi automata, (’label, ’state) nba, parameterized over the types used to represent331

the alphabet and the state space, respectively. Infinite words and runs are represented as332

streams, and acceptance is defined using LTL operators over these streams.333

The vertex-language path and trace automata, as well as the slope-language path334

and trace automata, are all straightforwardly defined as values of the nba type, using data335

corresponding to the definitions above. We then prove direct translations of theorem 6336

and theorem 9. In all four automata, the fresh initial state is represented uniformly via337

the option type: None serves as the fresh state and Some wraps the ordinary states.338

https://JamieRWright.github.io/InfiniteDescent/VLA_Criterion.html
https://JamieRWright.github.io/InfiniteDescent/SLA_Criterion.html
https://www.isa-afp.org/thys/AFP/Transition_Systems_and_Automata/NBA.html#NBA.nba%7Ctype
https://JamieRWright.github.io/InfiniteDescent/VLA_Criterion.html#VLA_Criterion.Sloped_Graph.Paut%5C<^sub>V%7Cconst
https://JamieRWright.github.io/InfiniteDescent/VLA_Criterion.html#VLA_Criterion.Sloped_Graph.Taut%5C<^sub>V%7Cconst
https://JamieRWright.github.io/InfiniteDescent/SLA_Criterion.html#SLA_Criterion.Sloped_Graph.Paut%5C<^sub>R%7Cconst
https://JamieRWright.github.io/InfiniteDescent/SLA_Criterion.html#SLA_Criterion.Sloped_Graph.Taut%5C<^sub>R%7Cconst
https://JamieRWright.github.io/InfiniteDescent/VLA_Criterion.html#VLA_Criterion.Sloped_Graph.VLA_Criterion%7Cthm
https://JamieRWright.github.io/InfiniteDescent/SLA_Criterion.html#SLA_Criterion.Sloped_Graph.SLA_Criterion%7Cthm
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A small but important technical point is that the vertex-language trace characterization339

is expressed in terms of streams whose letters lie in Node: tracing constraints apply only340

after the automaton leaves its initial “skip” mode, so without an explicit restriction the finite341

prefix of an input stream (of type ’node) need not lie in the designated alphabet set. For342

the slope-language criterion, the alphabet is the finite set of edge-labelled sloped relations343

induced by R, and we connect relation streams to ipaths via the induced edge-relation stream344

mapping.345

Our mechanization also resulted in small but useful extensions to Isabelle’s existing346

infrastructure, which can be found in our Buchi_Preliminaries theory file. To keep the347

proofs for the automata-based criteria lightweight and reusable, we extended the LTL and348

Büchi complementation libraries by adding introduction and elimination rules tailored to349

runs, paths, and node-wise reasoning. In particular, we include a streamlined ω-lasso350

witness argument (i.e. language non-emptiness implies acceptance of some ω-lasso word)351

and a practical introduction rule for language inclusion that reduces the full language352

inclusion check Lang(A1) ⊆ Lang(A2) to one that considers only ω-lasso words.353

Lastly, we instantiated both the vertex-language and slope-language criteria to354

prove that Infinite Descent holds of the concrete example from section 2.3.355

3.2 Relation-based Criterion356

Infinite Descent also admits an equivalent relation-based characterization. This was first357

described in the context of size-change termination [20] and later generalized and refined [8].358

The key idea is to summarize each finite path using a sloped relation, resulting in a finite359

abstraction that can be computed via a fixed-point computation. Infinite Descent can then360

be decided by checking a simple condition on the sloped relations that summarize loops.361

Sec. 3.2.1 recalls the construction and Sec. 3.2.2 describes its realization in Isabelle/HOL.362

3.2.1 Underlying Mathematical Theory363

For the relation-based view it is convenient to work with finite paths and cycles. Let364

SG = (Node, Edge, PosOf, R) be a sloped graph. For a path π = (ndi)i<n in SG, we define365

its summary to be the sloped relation Rπ = Rnd0,nd1 ⊙ Rnd1,nd2 ⊙ · · · ⊙ Rndn−2,ndn−1 , where366

⊙ is composition of sloped-relations (defined below). Intuitively, Rπ(p, p′, s) holds when p367

can be propagated along π to p′ and s records whether a strict decrease occurs anywhere on368

the chosen route. Given sloped relations P and Q, we define their sloped composition P ⊙ Q369

by (P ⊙ Q)(p, p′′, s) ⇐⇒ ∃p′, s1, s2. P (p, p′, s1) ∧ Q(p′, p′′, s2) ∧ s = max(s1, s2). We define a370

(total) order ⇝ < ⇝ on slopes, and lift this to (a partial order on) relations by P ≤ Q iff371

P (p, p′, s) ⇒ ∃s′. (s ≤ s′) ∧ Q(p, p′, s′), and write P < Q for the strict part. We write P ⃝+
372

for the least R such that P ≤ R and P ⊙ R ≤ R (the transitive closure of P ).373

To obtain the abstraction mentioned above, we maintain for each pair of nodes (nd, nd ′)374

a thin set of relations, meaning that it contains no two relations such that P < Q (i.e., it375

is an anti-chain). Given a set L of sloped relations, its downward-thinning, defined as376

Dt(L) = {P ∈ L | ¬∃Q ∈ L. Q < P}, retains only the ≤-minimal sloped relations in L. We377

iteratively define a family (Clind,nd′) of indexed collections of sets of sloped relations as shown378

in fig. 2. We write Cl to denote the indexed collection of sets that is the first fixed point of379

this iteration. Intuitively, Clnd,nd′ contains (up to thinning) exactly the compositions Rπ380

corresponding to paths from nd to nd ′.381

Since the Infinite Descent property is determined by (infinitely) iterated cycles, the382

criterion need only inspect the sets Clnd,nd (i.e. the diagonal of Cl, viewed as a matrix):383
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Cl0nd,nd′ =
{

{ Rnd,nd′ } if (nd, nd ′) ∈ Edge,

∅ otherwise,

Cli+1
nd,nd′′ = Dt

(
Clind,nd′′ ∪

⋃
nd′∈Node

{ P ⊙ Q | P ∈ Clind,nd′ ∧ Q ∈ Clind′,nd′′ }
)

Figure 2 Iterative definition of the relation-based abstraction.

the relations in these sets summarize the behaviour of cycles, and P ⃝+ (p, p, ⇝ ) expresses a384

circularly decreasing trace through some iteration of P .385

▶ Definition 10 (Transitive looping). A sloped graph SG satisfies the Transitive Looping386

property if for every nd ∈ Node and P ∈ Clnd,nd there exists p ∈ PosOf(nd) such that387

P ⃝+ (p, p, ⇝ ).388

▶ Theorem 11 (Relation-based criterion [8]). A sloped graph SG satisfies Infinite Descent if389

and only if it satisfies Transitive Looping.390

3.2.2 Isabelle Mechanization391

This was the most involved theory in our development (~1.3k LOC). The mechanization392

of the closure Cl follows the construction described above, using sloped composition and393

downward thinning. An important technical point about our mechanization is that we394

cannot overload the ‘≤’ notation to denote the lifting of the ordering on slopes to sloped395

relations, since this is already being used by Isabelle (via the Orderings type class) for396

the ordering on sloped relations induced by subset inclusion. We therefore define an explicit397

predicate leqSl, capturing the lifted ordering, that we then must prove to be a partial398

order (i.e., reflexive, transitive and anti-symmetric).399

The main proof-engineering issue is that downward thinning is a non-monotonic operation.400

Accordingly, the development proceeds via an auxiliary (over-approximating) closure abstraction401

Ccl, defined by a monotone operation, that supports the standard inductions needed402

to relate closure elements to path concatenation. We connect the two closures using a403

predicate initFrag on collections of sets of sloped relations, indexed by pairs of nodes in404

the sloped graph. Specifically, initFrag X Y asserts that, for each pair (nd, nd ′) of nodes,405

every relation in the closure Ynd,nd′ is bounded from below (w.r.t. leqSl) by some relation in406

Xnd,nd′ . We then prove that both initFrag Ccl Cl and initFrag Cl Ccl hold, so Ccl407

and Cl induce the same minimal sloped relations. We define analogues of Transitive Looping408

(theorem 10) with respect to both Cl and Ccl, and then prove these equivalent.409

The final correctness proof is organized around giving a correspondence between the410

sloped relations in the Ccl abstraction and the summaries Rπ of finite paths π in the sloped411

graph. For this we define a predicate, tracksPers R π, expressing that a sloped relation R412

is the summary of the path π. We then show that tracksPers is left- and right-total for Ccl:413

Rπ ∈ Ccl for every path π in the sloped graph, and every sloped relation Ccl is the summary414

of some path. Next we prove that, for a sloped relation summmarising a path, there is a415

descending loop in its transitive closure if and only if the corresponding ω-cycle in416

the sloped graph is infinitely descending. This yields that Transitive Looping for Ccl holds417

iff so too does Infinite Descent, and thence we obtain the analogue of theorem 11 by418

the above-mentioned equivalence for the two versions of Transitive Looping.419
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https://JamieRWright.github.io/InfiniteDescent/Relation_Based_Criterion.html#Relation_Based_Criterion.Sloped_Graph.leqSl%7Cconst
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https://JamieRWright.github.io/InfiniteDescent/Relation_Based_Criterion.html#Relation_Based_Criterion.Sloped_Graph.leqSl_antisym%7Cthm
https://JamieRWright.github.io/InfiniteDescent/Relation_Based_Criterion.html#Relation_Based_Criterion.Sloped_Graph.Ccl%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Relation_Based_Criterion.html#Relation_Based_Criterion.Sloped_Graph.initFrag%7Cconst
https://JamieRWright.github.io/InfiniteDescent/Relation_Based_Criterion.html#Relation_Based_Criterion.Sloped_Graph.Ccl_initFrag_Dcl%7Cthm
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https://JamieRWright.github.io/InfiniteDescent/Relation_Based_Criterion.html#Relation_Based_Criterion.Sloped_Graph.TransitiveLooping%7Cconst
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(a) A sloped graph failing to satisfy SD.
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(b) A sloped graph failing to satisfy XSD.

Figure 3 Sloped graphs demonstrating counterexamples for the SD and XSD criteria, whose
nodes are natural numbers i and whose positions p, p′ ∈ PosOf(i) are indexed by i.

4 Incomplete Criteria for Infinite Descent420

This section considers some sufficient criteria for deciding Infinite Descent that are incomplete,421

but useful in practice. Section 4.1 recalls a criterion (SD) due to Sprenger and Dam [27],422

which we adapt to the general setting of sloped graphs, and then presents a novel theoretical423

contribution: an extension that strictly generalizes SD, which we call XSD. Section 4.2 then424

considers two lightweight cycle-based heuristics used in Cyclone.425

4.1 The SD and XSD criteria426

4.1.1 Underlying Mathematical Theory427

SD Criterion428

Sprenger and Dam’s SD criterion is an intuitive condition that is sufficient to guarantee429

Infinite Descent. Essentially it consists in identifying, for each strongly connected subgraph, a430

single connected trace that witnesses descent at some point. Sprenger and Dam’s formulation431

of this condition was specific to a particular logical inference system (for a variant of first-order432

µ-calculus), and also requires the graph to be in so-called cycle normal form (i.e., one that433

can be decomposed into a tree with ‘back-pointers’). A generic reformulation is given by434

Brotherston [4, §7.2], who calls it the trace manifold condition, but this is again predicated on435

cycle normal form. Conversely, the formulation of the criterion that we now give is applicable436

to arbitrary sloped graphs.437

▶ Definition 12 (SD Criterion). Let G = (Node′, Edge′) be a subgraph of a sloped graph438

SG = (Node, Edge, PosOf, R). A position choice for G is a family (pnd)nd∈Node′ of positions439

such that:440

∀nd ∈ Node′. pnd ∈ PosOf(nd),441

∀(nd, nd ′) ∈ Edge′. ∃s ∈ Slope. Rnd,nd′(pnd , pnd′ , s).442

We say that it is decreasing if ∃(nd, nd ′) ∈ Edge′. Rnd,nd′(pnd , pnd′ , ⇝ ). We call G descending443

if it admits a decreasing position choice. We call SG SD-descending if every strongly connected444

subgraph of SG is descending.445

The SD criterion guarantees Infinite Descent since the edges traversed infinitely often446

by an ipath induces a strongly connected subgraph (the ‘limit’ of the ipath), which is then447

guaranteed to have a descreasing trace by the criterion.448

▶ Proposition 13. A sloped graph SG satisfies Infinite Descent if it is SD-descending.449
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This criterion is not complete in general: some graphs satisfy Infinite Descent but require450

visiting multiple positions per node.451

▶ Example 14. The sloped graph in fig. 3a, consisting of a single strongly connected subgraph,452

satisfies Infinite Descent. However, any descending trace must alternate between the two453

positions, p1 and p′
1, and so there is no choice of a single position that witnesses descent in454

the strongly connected subgraph. Consequently the graph is not SD-descending.455

XSD Criterion456

The source of incompleteness highlighted in theorem 14 for the SD criterion suggests a way457

of extending it in order to capture more sloped graphs satisfying Infinite Descent. Namely,458

rather than choosing a single position for each node of a strongly connected subgraph,459

we instead capture a set of positions for each node. Additionally, we provide a function460

witnessing how these positions can be connected (via the sloped relations along edges) to461

build a descending trace for each ipath inducing that subgraph. This results in our novel462

extended Sprenger-Dam (XSD) criterion.463

In the following, we fix a sloped graph SG = (Node, Edge, PosOf, R).464

▶ Definition 15 (Position-change Set-choice). Let G = (Node′, Edge′) be a subgraph of SG. A465

position-change set-choice for G is a family (Pnd)nd∈Node′ of sets of positions, together with466

a family of functions (fnd,nd′ : Pnd → Pnd′)(nd,nd′)∈Edge′ such that the following hold:467

∀nd ∈ Node′.∅ ⊊ Pnd ⊆ PosOf(nd),468

∀(nd, nd ′) ∈ Edge′. ∀p ∈ Pnd . ∃s ∈ Slope. Rnd,nd′(p, fnd,nd′(p), s).469

To express our condition guaranteeing that these set-choices can be used to construct470

decreasing traces, we relate them to certain subgraphs in a refinement of the sloped graph.471

▶ Definition 16 (Slices). We define the extension of SG to be the (directed) graph Ext(SG)472

having nodes (nd, p) for nd ∈ Node and p ∈ PosOf(nd), and edges ((nd, p), (nd ′, p′)) for each473

(nd, nd ′) ∈ Edge and p, p′ such that Rnd,nd′(p, p′, s) for some slope s. Take a position-change474

set-choice Π = ((Pnd)nd∈Node′ , (fnd,nd′)(nd,nd′)∈Edge′) for some subgraph of SG. We call a475

subgraph (N , E) of Ext(SG) a slice of Π when the following hold.476

For all ((nd, p), (nd ′, p′)) ∈ E, we have (nd, nd ′) ∈ Edge′ and fnd,nd′(p) = p′.477

For all (nd, nd ′) ∈ Edge′, there is ((nd, p), (nd ′, p′)) ∈ E for some p and p′.478

We say that the slice is decreasing if Rnd,nd′(p, p′, ⇝ ) for some edge ((nd, p), (nd ′, p′)) ∈ E,479

and that Π is descending when every strongly connected slice of Π is decreasing.480

We now state our extension of the SD criterion.481

▶ Definition 17 (XSD Criterion). SG is called XSD-descending if every strongly connected482

subgraph of SG has a descending position-change set-choice.483

To see that the XSD criterion is sufficient to guarantee Infinite Descent, consider an ipath484

in the sloped graph. The criterion guarantees, for its limit, a descending position-change485

set-choice ((Pnd)nd∈Node′ , (fnd,nd′)(nd,nd′)∈Edge′). For any ipath nd0, nd1, . . . inducing this486

limit (i.e., visiting each edge infinitely often), we can then construct a trace for any tail487

ndk, ndk+1, . . . consisting only of nodes in the limit by picking some position p ∈ Pndk
, and488

following the functions fndi,ndi+1 (for each i ≥ k) in the set-choice. Moreover, this trace489

corresponds to an ipath (ndk, p), (ndk+1, fndk,ndk+1(p)), (ndk+2, fndk+1,ndk+2(fndk,ndk+1(p))), . . .490

visiting each edge of some strongly connected slice infinitely often. Thus, since every such491

slice is decreasing, so too is the trace.492
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▶ Proposition 18. If SG is XSD-descending then it satisfies Infinite Descent.493

It is not too difficult to see that the SD criterion is simply a special instance of this494

generalisation, in which each position-change set-choice consists of a singleton set of positions.495

The XSD criterion captures the graph in fig. 3a, by taking P1 = {p1, p′
1}, f1,1(p1) = p′

1,496

and f1,1(p′
1) = p1 (note that there is only one strongly connected subgraph). However, it is497

still incomplete for Infinite Descent.498

▶ Example 19. The sloped graph in fig. 3b satisfies Infinite Descent but is not XSD-499

descending. For Infinite Descent, note that it only has three types of ipath: for those ending500

in 1, 2, 1, 2, . . ., we have a trace p1, p2, p1, p2, . . .; for those ending in 1, 3, 1, 3, . . ., we have a501

trace p′
1, p3, p′

1, p3, . . .; and, lastly, we have a trace (p1, p2)m1(p′
1, p3)n1(p1, p2)m2(p′

1, p3)n2 . . .502

for those alternating infinitely between the two cycles. However, there is no set-choice for the503

strongly connected subgraph consisting of the whole graph: no values for either f1,3(p1) or504

f1,2(p′
1), and thus no (non-empty) sets P1, satisfy the requirements of the criterion.505

It seems possible that our extension of the Sprenger-Dam criterion is related to the506

condition that underlies the recently developed stack-controlled style of cyclic proofs [29].507

The latter extends an alternative characterisation of the Sprenger-Dam criterion based on508

the notion of induction orders, which are certain partial orders on the basic cycles. Our509

XSD condition may be the corresponding Sprenger-Dam style counterpart to these extended510

induction orders. Again, we note that stack-controlled proofs and induction orders are511

predicated on graphs in cycle normal form, but our XSD condition is expressed in terms of512

arbitrary sloped graphs.513

4.1.2 Isabelle Mechanization514

We mechanized the SD and XSD criteria inside the Sloped_Graph locale, reusing standard515

directed-graph infrastructure from our Directed_Graphs theory including subgraphs516

( subgr), strongly connected graphs ( scg), and strongly connected subgraphs ( scsg).517

The SD Criterion518

The SD criterion quantifies over strongly connected subgraphs. For each, it requires a single519

position choice per node, with these positions being connected (at least once via ⇝ ) by520

the sloped relations along each edge. In Isabelle, we package this data into a predicate521

decreasingPCC. A deliberate design choice is to specify the strongly connected subgraph522

purely in terms of the edge relation, since additionally specifying the set of nodes is redundant.523

This allows the same lemmas to be reused uniformly for each strongly connected subgraph.524

The criterion itself, mechanized as the predicate SDdescending, quantifies over strongly525

connected subgraphs and requires the decreasingPCC predicate to hold of them. We prove526

the soundness theorem (cf. theorem 13) as follows: starting from an arbitrary ipath, we527

pass to its limit using the directed-graph metatheory, obtain the corresponding position528

choice witnessing the decreasingPCC predicate, and then invoke a witness-to-trace lemma529

to obtain a decreasing trace on a suffix. We also mechanized theorem 14, showing530

incompleteness of the criterion.531

The XSD Criterion532

The XSD criterion was mechanised as the following predicate.533
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definition XSDdescending :: bool where534

"XSDdescending ≡ ∀ Node1 edge1. scsg Node1 edge1 −→535

(∃ lab f. wfLabFS Node1 lab ∧ descending_PCSC_sliced Node1 edge1 lab f)"536

This ensures that each strongly connected subgraph (scsg Node1 edge1) of the sloped537

graph has a descending position-change set-choice, using the descending_PCSC_sliced538

predicate: the parameter lab denotes the set of positions chosen for each node, and the539

parameter f denotes the family of functions (fnd,nd′)(nd,nd′)∈edge1, cf. theorem 15. This540

uses the auxiliary predicate RRSetChoice, expressing the conditions of theorem 15, and541

additionally encodes the conditions of theorem 16 using auxiliary predicates is_slice542

and decreasing_slice. These predicates, in turn, depend on defintions of the nodes543

( ExtG_Nodes) and edges ( ExtG_Edges) of the extension of the sloped graph.544

The proof of the XSD soundness theorem (cf. theorem 18) is substantially more involved545

than that for SD. Specifically, an explicit recursive construction (using rec_nat) is546

required in order to build a trace for a given an ipath using the functions f from the appropriate547

position-change set-choice. Relating this to a strongly connected slice then proceeds, via548

a pigeonhole-style repetition argument, from an appropriate index-based decomposition of549

the trace into a sequence of finite segments. Compared with the soundness proof of the SD550

criterion, which made elegant use of high-level LTL operators, the arguments needed for the551

XSD criterion required explicit arithmetic reasoning about indices, bounds, and segment552

lengths. We also mechanized theorem 19, showing incompleteness of the criterion.553

4.2 Cycle Based Criteria554

We next recall two criteria used by the Cyclone verifier [10]: a sufficient condition for failure555

of Infinite Descent (flat cycles), and a complete characterization for the special case of556

unicycles graphs.557

4.2.1 Underlying Mathematical Theory558

Flat Cycles Criterion559

A graph fails Infinite Descent if it admits an infinite path with no forced strict decreases.560

This is witnessed by a flat cycle: one whose edges never relate any positions via a ⇝ step. Let561

FlatEdge = {(nd, nd ′) ∈ Edge | ∀p ∈ PosOf(nd), q ∈ PosOf(nd ′). ¬Rnd,nd′(p, q, ⇝ )} denote the562

set of all such edges in the sloped graph. Then a cycle is flat if all its edges lie in FlatEdge.563

▶ Theorem 20 (Flat Cycles Criterion [10]). If a sloped graph has a flat cycle, then it does not564

satisfy Infinite Descent.565

Descending Unicycles Criterion566

The descending unicycles criterion applies when the sloped graph is a unicycles graph,567

meaning that is has no overlapping cycles (i.e., each strongly connected component consists568

of a single basic cycle).569

▶ Definition 21 (Unicycles Graph). A directed graph is a unicycles graph if for any two basic570

cycles c, c′, whenever c reaches c′ and c′ reaches c, then they contain the same set of nodes.571

The Descending Unicyles criterion amounts to checking that there is a descending trace572

for each simple cycle. To express this, we reuse the notion of the extension of the sloped573

graph, from theorem 16.574
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▶ Definition 22 (Simply descending). Let c = (nd0, . . . , ndk) (with nd0 = ndk) be a basic575

cycle in a sloped graph SG, and consider the restriction, Extc(SG), of the extension of SG to576

the cycle c: the subgraph of Ext(SG) consisting of just the edges of the form ((nd, p), (nd ′, p′))577

such that nd = ndi and nd ′ = ndi+1 for some 0 ≤ i < k. We say that the cycle c is578

descending if there exists a basic cycle in Extc(SG) containing an edge ((ndi, p), (ndi+1, p′))579

such that Rndi,ndi+1(p, p′, ⇝ ). We call SG simply descending if every basic cycle in SG is580

descending.581

Interestingly, as well as being a sufficient criterion, unicycles graphs satisfying Infinite582

Descent are also necessarily simply descending.583

▶ Theorem 23 (Descending Unicycles Criterion [10]). A unicycles sloped graph satisfies Infinite584

Descent iff it is Simply Descending.585

4.2.2 Isabelle Mechanization586

The mechanization of the cycle-based criteria are structured so that each criterion is exposed587

through a small predicate-level interface along with a short list of reusable elimination or588

introduction rules. This was done so that later proofs can invoke the criterion without589

replaying the construction details.590

Flat Cycles Criterion591

We formalize the Flat Cycles criterion as a predicate FlatCycle, which captures the592

notion of a graph containing a directed cycle consisting entirely of edges in FlatEdges, the593

set of flat edges in the sloped graph. The soundness theorem follows the a step structure:594

from a witness of the FlatCycle predicate we construct an ω-word that is a valid ipath, and595

then show that every candidate trace along that ipath is forced to be nondecreasing. We596

package the resulting contradiction as an elimination rule that is then used directly to597

conclude ¬InfiniteDescent for any sloped graph exhibiting a flat cycle.598

We instantiate an example from Cyclone [10, fig. 4b] to confirm that our mechanization599

can indeed validate failure of Infinite Descent from concrete witnesses.600

Descending Unicycles Criterion601

We first developed relevant infrastructure in the Directed_Graph context, defining the602

notion of a basic cycle as a cycle with no intermediate repeated nodes. We then603

used this to state the unicycles graph property, as well as a lasso decomposition lemma604

( unicycle_lasso): every ipath in a unicycles graph eventually repeats a basic cycle. The605

proof constructs the limit of the ipath and, using the fact that this forms a strongly606

connected subgraph, exploits the unicycles property to obtain a unique successor property607

for paths inside the limit, forcing deterministic repetition of a single basic cycle.608

Within the Sloped_Graph context, rather than directly constructing a representation of609

the cycle-restricted extension (cf. theorem 22), we opt for a more implicit approach. We first610

define an explicit representation ( descentPath) of descending traces along finite path611

segments. We then define a descending cycle ( cycleDescends) to be one that can be612

repeated (some finite number of times) such that the resulting path segment has a descending613

trace starting and ending with the same position. The predicate SimplyDescendingGraph614

then requires all basic cycles in a sloped graph to witness cycleDescends. This choice keeps615

the criterion compatible with the rest of our list and stream infrastructure.616
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The equivalence proof (cf. theorem 23) proves the bi-implication in the following way.617

For InfiniteDescent implies SimplyDescendingGraph, we instantiate InfiniteDescent618

on cω for each basic cycle c and then extract a witness for cycleDescends using finiteness619

of positions. For SimplyDescendingGraph implies InfiniteDescent, we infer, using620

unicycle_lasso, that ipaths are ultimately periodic over a basic cycle, and then derive621

a descent on each successive finite segment from the fact that (by assumption) the cycle622

witnesses cycleDescends.623

We instantiate positive and negative examples (cf. [10, fig. 6]) to confirm that our624

mechanization can indeed validate (failure of) Infinite Descent from concrete witness of the625

Descending Unicycles criterion.626

5 Conclusion627

We presented an Isabelle/HOL mechanization of Infinite Descent in a locale-based framework628

of sloped graphs. Within this setting, we verified soundness of the incomplete criteria used629

in practice (SD, our extension XSD, and Cyclone’s cycle heuristics), and mechanized two630

complete characterizations: an automata-based reduction to Büchi language inclusion (cf. the631

vertex-language and slope-language criteria) and a relation-based algebraic criterion. All632

results are fully machine-checked and replayable from the accompanying artifact.633

A primary motivation for this formalization was to bridge the gap between automated634

discovery and trusted validation. Consequently, an immediate line of future work is to635

instrument automated provers, such as Cyclist, to export cyclic proof objects that can be636

reconstructed and checked within our Isabelle/HOL locale. Combined with the methods637

already implemented, this could lead to a Sledgehammer-like tool [23] for checking Infinite638

Descent. Furthermore, we intend to investigate the definition of a new object logic within639

Isabelle that treats Infinite Descent as a first-class inference rule. By embedding our verified640

criteria into the kernel of such a logic, we can support cyclic tactics natively, relying on641

the certified automata-theoretic or relational checks to discharge the associated soundness642

obligations automatically.643
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